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Abstract. Reciprocal Powering is a product of interactive methodologies when implementing mathematics and

software, for instance, Maple, The Geometer’s Sketchpad or calculators as FX-2.0 or Classpad300, in mathematical
research as well as in mathematical education. This involves a special way of undertaking mathematics and education
as a simultaneous process of knowledge production together with teaching-learning process. The idea is to encourage
the obtaining of new results, to improve thinking approaches and to optimize software through the development of
special mathematical results and programming activities during the process of teaching-learning based on situations and
circumstances originated on one hand by mathematics and on the other hand by introduction of computational software
that involves propitious and necessary ways of reciprocal powering among both areas through the interaction and
intercommunication of necessities and its solutions. Those methodologies are strongly related with experimental
activities involved in the way of thinking and making research in mathematics as well as in the process of teaching-
learning in mathematical education in order to complement an era deeply influenced by emphasis in formal proof as the
most important feature of mathematical thinking and that had produced a way of creating and teaching mathematics
with rigorous stages on how to teach, discover and develop mathematics following a particular order: (1) Formalization
of theories; (2) Presentation of formal deduction; (3) Explanations including informal deduction; (4) Analysis to
communicate what was involved in the deduction; and (5) Visualization given through examples. However,
implementation of software involves new mechanisms of mathematics-software-related-thinking and own ways for
creation of knowledge, involving the need to introduce new methodologies of research as well as in the process of
teaching-learning that includes the recreation of some old methodologies that has been left because of the impossibility
of carrying them ahead with efficiency due to the absence of computers or calculators. In using calculators or software,
we need to reverse the order of the stages if our goal is getting better results in mathematics as well as in mathematical
education by using technology. Following a suggestion done for geometry thinking by the Dutch mathematical



educators Pierre van Hiele and Dina van Hiele-Geldof and expanding it to other branches of mathematics the stages
should be: (1) Visualization through particular cases and specific situations; (2) Analysis to obtain creative ideas that
may lead to a generalization; (3) Informal deduction trying to get a generalized proof; (4) Obtainment of a first level
formal deduction and (5) Review of the formal deduction to assure rigor. We propose a way of implementing
technology with attainment of knowledge and development of mathematical thinking as a way to power mathematics
and technology reciprocally. In our exposition we will give examples based on graphic, symbolic and programming
situations that had led to reciprocal powering of mathematics and software, in particular with calculators.

1. Introduction

Our goal is to find a model for implementing mathematics with technology introducing a
different teaching-learning process based on circumstances originated on one hand by mathematics
and on the other hand by computational software (calculators) that should involve a reciprocal
powering among both areas through interaction and intercommunication of necessities and its
solutions. We call it reciprocal powering. Reciprocal powering is the product of necessities raised
when implementing interactive methodologies and can be used as a special way of undertaking
mathematics teaching as well as in production of knowledge in mathematics.

1. Powering mathematical concepts in Trigonometry through visualization with
calculators.

Let’s consider the very known formula sin® x + cos® x =1 from where it is usually deduced
cosx = =+/1—sin” x . How can be verified this identity through a graphic way using a calculator?

At fist glance this expression looks to correspond to two relations cosx =+/1—sin®x and

cosX =—+/1—sin? x . But when we enter both formulae to obtain a graphic in the interval 0 < X < 271 we
obtain:

ERCEIZooMERTCHG sLUTAELT & 1

which is clearly different from cosine function graph in the same interval:

TRACEIZ0eMERTCHG L0 TAELT T

Therefore, according to the graph, the identity cos x =+ +/1—sin®x is not valid. So, where is the
mistake? It is known that cosine is positive in the first and in the fourth quadrant and negative in the
second and third quadrant. That implies that the formula that relates cosine with sine is a piecewise
formula. Therefore the way of writing the identity correctly should be:

VJ1=sin?x , if Osxsg
cos x={ —+/1-sin’x if g<xs%ﬁ
vil-sin’x if 3?“ <X <2m




And if a calculator does not have piecewise functions commands (as Casio FX-2.0 Plus) then we
can try to express it by including the graph of three relations:

Y1=41-sin’x, [0, n/2]
Y2=—1-sin’x ,[n/2, 3n/2]
Y3=41-sin’x ,[3n/2, 2n]

The graph for the first function will be:

The graph of the second one will be:

TRACEIZO0MERTCHG SLITAELT T

TRRCEIZO0MERTCHG SLUNTAELT &

be

And the graph for the third function will

TRACEIZO0HER TCHG SLUTRELT &

By graphing altogether we will obtain exactly the very same graph of cosine:

TRACEIZ0MERTCRGSLUTRELT T

It is important to state that all the classical formulae of trigonometry that involves square roots
should be rewritten correctly. For instance, the following identity, in a first cycle:

[L2C0SX g xel0,2n]
X 2
Sin — =

2 _Wl—czosxsi xel[2n,4n]

and note that we need an interval as [0, 4 = ] in order to obtain a complete first cycle, because:

should be rewritten as

. X X
sin = <0forxr < =<

0353271 = 0<x <4r and sin %20 forosgs 7. Therefore sinizo for0 < x <2x and
5 5 2. Therefore sin% <0 for2n < x< 4.

If we could work with a more complete calculator as Classpad 300, then we can use a description

for a function in pieces by entering the command piecewise. Then the syntax for the identity
between sine and cosine should be (it looks as a logical challenge):



[ frch Edit Insert. Accien [S Edit Zoom Andlisiz + ]
EIEYErGEE e (e [ e ] ] s e [
Define flxi= Hodial [HodjaZ [HojaZ Hojai »
piecewize (B xam 2,y Ev21=f(x) [

B 1-Csin(xo3 2 2 Piecewise g:%g;g
CMAZ2C 3N 2, Oxz24:=0
=) 1—(5in(x))2  Piscewise gi%g;g
[gc) Bel el B Ow27:-10
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1-(=sinmaas 200 =
4
4
bl
[
Alaeb Esténdar Feal Rad dqog |Fad _Real

2. Powering calculator’s software performance by creating and optimizing
programming activities.

Programming is the necessary skill to be developed in this century. His presence in calculators has
influenced strongly the educational process. On one side it has facilitated formalization in
development of new ways of representation knowledge and on the other side it has raised the
necessity of generating and developing new intellectual skills. The necessary stages for process of
internalizing programming skills are the following: (1) Handle of symbolical logic language of
calculators software; (2) Deep knowledge of mathematical relational concepts involved in
programming; (3) Handle of a meta-language correlating mathematics and software; (4) Particular
and detailed (numerical) checking previous of a process generalization; (5) Interpretation of model
to be programmed and his interrelation with logical forms of software and optimization of their
process. Our first need of introducing programming with calculators happened in 1997 when we
tried to obtain with a Casio CFX-9850 G Plus calculator the power of a complex number. We
obtained as an answer a “mathematical error”:

(243103 C-S+EL 20 C-2-9 76

Ma  ERROR Ma ERROR Ma ERROE

After several attempts we realized that calculator Casio CFX-9850 G Plus was not designed to
obtain powers of complex numbers although it was able to obtain the basic four operations with
complex numbers. We had two choices: (1) Accept the machine limitation and continue
calculations by hand, or (2) Try a bigger and more interesting challenge: Help the machine to
surpass his own limitation, powering it with his own capacity of programming performance. But
powering the calculator implied challenges not for the machine but for the students as users. It was
necessary to start the process based on the five stages explained before, in order to power the
calculator and get the way to obtain by programming way, powers of complex numbers: a)
Knowledge of De Moivre’s theorem ; b) Creation of a special subroutine for the case of powering
pure imaginary numbers; because it was mathematically incorrect to try to calculate an angle 3 in
arctan (b/a) = 3 when considering the case a = 0; c) Need of several logic tautologies to simplify

and depurate the extreme length of the program that involved a delayed running program ; d)
Correction of initial mistakes in the checking stage related to the need of creating a small program



that would allow the machine “to know” which of the two solutions should be considered when we
were searching 9 in the equation arctan(b/a)=9. The following program was obtained by
undergraduate engineering students of a first semester algebra course and can be used for a and b
rational numbers with a Casio CFX-9850-G Plus calculator as well as with a Casio Algebra FX-2.0:

======P(T.CPL% FOT. CFL® POT. CPLH POT. CPLH======
Lbl 1a Then TCAZ+EE 1+Ra I fEndsa IfEnd«

Fada tan-l (BLAY*S If A=@« If M=dk-Za

"REAL" 7R« 1f A<B Then For 1+ To 1604 Then CB*HIi.
"IMHE"%’"}E{J Then S+r+Sd If N=4K£ Goto 1

"ERADO 7 +Ha 1 fEnda Then (B*HI. IfEnd«

IT Beba BrHicos HSHisin HSY. Hoto le Lt _H=dk e
e T T T e R (S B JOHFTERC THAT [STATILIZT] [ JOHFTERC THAT ISTATILIET] ©
======P0T, CFLKX====== ======P(T, CPL¥====== POT. CPLY

Then (BrHIx-1. Then (B"N)X 1. I fEnd«g

oto 14 oto Goto 2

I{Ends« IfEr‘u:kJ Lbl 24

If MH=4k-14 If H=qk-1¢ "CR+EL 2 H" e

Then (BrHIx-i. Then (B HIx-i. CA+EdL ) “Ma

Goto 14 Goto 14 Goto 1

JUMFTERE TMAT [STATILIST] T JUMFTERC TMAT [STATILIZTT JUMFTERE TMAT [STATILIST] T

As an additional contribution, those students constructed a program that was able to find the root of
a complex number as a sub product of the former program which can run with Casio CFX-9850 G
Plus as well as with Casio Algebra FX-2.0 Plus.

======RAIFCOMP====== ======FAIZCOMP====== ======RARIZCOMP======
Lbl 14 Then {{AEZ+E2 13+ IfEnd«
acd Lan! CBJAM¥SH If A= And E=Ad
"REAL" ?+A4 If A<E« Thern Abs B3R+
"THAG" *+B4 Then S+mr*54 sin-l CBLRY+54
"GRACO" P +He IfEnd« Golo S
If A=A« Goto 94 I fEnd«
JUME SRC IMATISTATILISTI ¢ | JUMFL ZRC IMAT ISTATILISTI [ JUMFl SRC TMATISTATILIST] ¢ |
======RH] ZCOMNP====== ======RAIZCOMP======
Far 8% To E”x?e?*“ e
2 H- COS n is
Hext# Eg%ggl
JUMFLERC IMATISTATILISTI - TOHFI SRECIMATISTATILIST] ¢

3. Powering calculator’s software performance by developing mathematics
and creating programming activities: Periodic regressions with a calculator.

During 1997 and 1998 we were working with an old version of Casio CFX-9850 G Plus calculators
in order to implement the use of calculators in mathematical areas of engineering careers. And we
realized that one of the frequent situations confronted by students who were just beginning their
studies of calculus in a first year of college, before a course in statistics, is the common type of
problems they used to study. Practically all of them departed from formulae which are not a product
of a real or practical situation. Our idea was to depart of situations that are data of real life. With
calculators this looked to be something possible, because with them we could decide to depart from
values or data and then list them in order to obtain an automatic regression with the calculator.
However we found out a problem with calculators in that moment. Although they were able to get
linear, quadratic, cubic, fourth, exponential and logarithmic regressions, they were not able to get
periodic regression, something so frequent and necessary in real life (for instance: pulse, inhalation
and exhalation when we breathe, etc). Our goal was to answer the following questions: (1) How it



is possible to find a method to get periodical regressions ? (2) How can we utilize the power of a
calculator as Casio CFX-9850 G Plus or a Casio FX-2.0 Plus to obtain a program for a periodical
regression, the corresponding graph and check that it fits sufficiently the given points? To get our
goal we had to power some results based on Theory of Fourier Analysis of Time Series.

3.1.  Least squares estimation for a simple wave
Suppose we have some numerical values with some periodicity. As an example we could consider
the magnitude of a variable star at midnight represented in a graph of points.

We would like to obtain the best possible fit of these values with a simple wave of the form:
u+ R cos(wt + ¢) f(t) = u+ Acoswt + Bsenomt

Given the period ¢ = 2% \we can find u, A, Bsuch that T is as small as possible, where:
n

n
T= Z(xt —u—-Acosot—Bsinot)? and x, is the numerical value at time t. Differentiating we
t=0

obtain: Z—T:—ZZ(xt —pu—Acosot —Bsinot) =0;
u
oT .
A _22 cosot(x, —p—Acosot — Bsinwt) =0;
oT . .
B -2 sinot(x, —pu— Acosot — Bsinot) =0

This is a linear system of three equations and three unknowns:
np+AY cosot+B) sinot =Y X,
(O cosat)p+ A cos® mt+ B cosmtsinmt = > coswtx,
O sinot)u+ A cosotsinmt + BY " cos® ot = Y sinmt

Using the Euler relation e'® = cosm + isen o and his inverse:

COS® = %{e“” +e'°}; senow = %{e“” —e'°} itis possible to prove the following formulae:
i

— innw/2 . . - innw/?2
> cosot - cos(™ 1@)SI_ o/ ;Y sinot —sin(" 1@)5'_ o/ ;
2 sinm/2 2 sinw/2
inn . innw .
> cos® ot = ﬂ(1+ SINne cos(n -1 ) ; D sinotcosot = ' sinhe sin(h—Dw;
2 nsinw 2 nsin®
D sin ot = E(1— >INNe cos(n —1)w)
2 nsinw



The former linear system can be solved and the wave can be found.
3.2  Approximation of periodic data with a Graphic Calculator.

We shall show how to find a wave that approximates the following set of data:

t 0 |1 |2 13[4 [5 |6 (718 |9 10
X, 13,4|7,9(3,8(-1(-1,2(3,6(8,2|4 |2,7|-1,6(3,5

If we plot the points, we obtain the following graph:

Graph (Calculator)

Since there are two peaks, the period is 5, so that o = 2—5n (n =10). Here:

. sin(102™)
D cosmt = cos(=—) — 10° _p. D sinot=0; Y cos’ ot =5;
10 ” sin(2n/5)

Zsin otcosot =0 Zsin2 ot=5

The equations (*) are:
10 275 10 27'[
10p=>'x,; p=X=3.33; 5A= Z(cos(?t))xt :5A =692 = A=138;5B= Zsin(?t)xt

t=0 t=0
5B = 21,56 = B = 4,31.Similar equations will appear if we have an integral number of times a
period in the interval m:ﬁ, m =E, sin nw/2 = sin (kx) = 0. Computing those values in the
m

List Window List 1, List 2, List 3, List 4 of the calculator we have

JLizt 1jLift AList 3| LiFt wl Ligt (fnist gluist pluise o

| ‘I 5 .5 3.5 (] 1 B B.2|2.5338) 7. 1986

B 4| C PR ¥ 1y

- ! 1 N-ns1.mi 1 8| -1.g|-0.usy| 1521
u 3 [:] 2. W -2 18U| - 1. 567 ml s 5.8 o
5 o o) | 0.6 -0.u8y |.5a|% It:}
= , - SkTa BT [DELC [EED(T

TRTA BEFD [DEC (TR [TRE TRTA R0 [GEL R 1A i

We find then the equation f(t) = 3,33+1,38 cosz—snt + 4,31sen %nt whose graph is:

/

TRACEIZ0OMERTCHG SLOITRELT T |




compared with: = =

| = [Med X~2 3 [~y ]

The former process can be generalized through a programming processing over lists in the
calculator in such way that the calculator produces automatically the desired periodic regression.

We show this program next:

REG_TRIG

REG TRIG e
uHRARELZ piHe br2+He CHHD T ETn Hoha R ES TR
PERKS" 3k« co= (=123 Csin NECSin WTI e CHAZ3C0sin MWD (Hsin
Mk M CHH) ) =in H*Pa Warsin CoM=1allassa
P "Elcos WT»"e (H/2)(1+C(51n HS 0 H= E(sm WTcos WTa"a
(] Fa . in Widcos CiH=1300+Rd
4 Sin (CCH=12-20W2l=sin "Eldcos WTaEx"a CH/2)(1 Lizip Ml oHs

JUMFIZRC IMATISTATILIST] O

SUMFIZRC IMAT IZTATILISTE ¢

JUMFIERC TMAT IETATILIET] -

AUMFLERC ITMAT ISTATILISTI @

REG TRIS Toin CiLich D3aAlist BET.PRINT S 1o e oo TRIS
in Wrrcas CEHI1WTe gin is is "DET. " Dt [[M.Z,R10FG. 5100
" Zslist dd Let [[H.F.Q1LF.R.S1CQ g
potisin UTaate Sim List Iega L £, R114E. +F2RIT/E3,
Stm List 2 Sum List hgh

[q=tat=4 (ll.IXLlst, 1aixList
2+List
JUMFTERE MHT STATILISZT] o

33Fa
fEM.F,. 8,210k, S, 51L0

JUMFI ZRC TMATISTATILIZTI

REG TRIG REG TRIG
Elpﬁw ng CMin(List $=TYPE#
1) e L e T W R "W+Acos (UKM+Bsin WX
{Ij1st, P fMaxclist 2.1 "N la

JUHFIZRE THATIZTATILISTT ¢ 1

4. An algorithm for calculation of =

AUMFLZRC IMATISTATILIETI [

Det. [LZ.F.RI0G-R.S1CF
25 R11-E+ls
JUMFTERC THAT [STATILIZT] &

et [CHM.P.Z21[F.R.GILQ
: 5. F11-E+Ba

JUMFI SRC TMATISTATILISTI [

o - sin(@ - . . .
With aid of the limit ngT() =1 it is possible to generate a basic procedure to determine the

value of ©. Together with this limit we will use also the following trigonometric relations:

003(2] =,/ 1+ cos(x) C;)S(X) 7 (0.2)

sin(;j :\/71(:208()() (0.1)

1
Taking X= - we have cos(g) =- and introducing the notation:

3 2
oo )5 ymsinf )5 x= 0.3)
X. = COS ik y, =sin 30 T2 :
We can construct the following recurrence formulae:
- 1+x
X0 = Yic1™ (0.4)

To calculate the value of T we can rewrite the limit |im sin(x) =1 in the following way:

x—0



sin( iJ
lim —32) 4. (0.5)
T

i— oo

32
In this form the limit tells us that 3 2! sin(n] tends to m when i tends to o . According to the

2i
notation introduced in (1.3), the value of 7 can be calculated through the expression 3 2! Yy, , if we

take a sufficient big number of i. In the following table we can find the values obtained after
repeating the calculation ten times with the help of a simple program done in Maple. To avoid
rounding errors we will take a sufficient big number of digits during the calculation.

Iteration Value of &
3.0000000000000000000

3.1058285412302491482
3.1326286132812381966
3.1393502030468672043
3.1410319508905096368
3.1414524722854620456
3.1415576079118574430
3.1415838921483182961
3.14159046322804 77600
3.1415921059992727998

[EEN

O o|NoO|O b WwiN

=
o

This procedure has a simple geometric interpretation. It is based on the idea that the length
(perimeter) of the polygon inscribed in a circle of radius one tend to the length of circle 2z when
the number of sides of the polygon tends to infinity. The following figures done in Maple for

n=3,4,56,10,15 will show an idea of the process.

05

05

5
048

<




If we take the length of one of the inscribed sides of the polygon, as seen in the following picture

we have:
o (cos@,,sind, )
AT
7 ., . 0
d :\/(cosen—l) +sin® @, = 2(1—cos¢9n):23|n?” (0.6)

For very big n we will have that n times the side d, is approximately equal to the length of

the circle nd, =27 =n- 25in% ~ 2z . And therefore we have the relation:

o (0.7)

When we divide the circle in 3-2' parts we have that 6, =%. If we replace it in the relation
(1.7), we will obtain:

— 27
3.2'-sin _~
2.3.2| 72- (0'8)

Simplifying we will have 3. 2' -sin% ~ 7, which is actually the relation we used to complete the
former table.

4.1 Implementation with Classpad300

With the help of the calculator we can implement this algorithm by constructing the following
program:

N Edit Ctrl ESS Misc.

B[O A M [E[c)
FI_1 TH]
Ectlecimal

.5¥a

For 1% Ta 5
Jool-ayxB,Sib
Jool+arxB,Shda
ZL B2, B by
Mext

Print w

Editor de programa |

10



However a more effective way can be obtained by using the following sequences obtaining the
following results:

N Edit Tipo nyan # N Edit Grafico #
ol et s Rard b 108 LA ]
[Recursiva| Explicita | Cr =SR2 NEan =

n

b, [t
Rares=J{ 1-br - 8.5 — 1 5. ®
=i £S5 3
Bbrea= ([ 1+bn1- 8.5

be=@.5
Eor=g.2M. 5
=8

[Ny BT EAAT AT
0N (50 050 N 50 050 50 5 0 )
el ) e}

R

AT

3.141592481629
Fad Real ] Fad Real L]

5. Powering calculator’s software performance by using mathematics and
creating programming activities:

As is it known calculators do not usually work with implicit relations. It is important to note that
diff gives usually derivatives that actually are partial derivatives each time when this command is
used. Now let’s suppose that we have an implicit expression. We can always write it asF(x,y) =0.

Taking differential on both sides we will have: 4 _F 4, F o from where we can obtain:
X oy

ok
dy _ax ()
dx oF

oy

The formula (*) means that we can find derivatives of implicit expressions using the diff command,
by obtaining partial derivatives and get the final result using (*).

5.1 Implicit differentiation for calculators with symbolic programming.

Using formula (*) we can construct a program for implicit differentiation for calculators as
Classpad 300:

Nr_Edit Ctrl /5 Misc.
(B[R] [E[5]

Impleriv__ [MN]

EnputFunc w1 {x3,"Enter Fix
5w if Flxywnr=g"
Deliar =

Deliar

Primt "wlcx,wi="

Print wldx?

Print "dw/ dx"

Print —dif fipl (el xd  diff il
Cxdayd

Editor de proarama ]

If we run the program for implicit differentiation for Classpad300 we will obtain for instance:

11



N Edit Ejecutar

N Edit
EEE ¥
corpetasimn || || Epte gy N E—
N T— DR Mombre: [gDery 7]
Parametro: ] Parametro: ]
Fcer. | |
15, )= =
" 2 My 2
e di
[~ 2Ry~ 2 0 (22 )
-]
Al 1h] |
Cargador programa o] Cargador programa G| [

5.2 Implicit differentiation for calculators without symbolic programming.

If we are working with calculators provided with a computer algebraic system but without symbolic

programming as Casio Algebra FX-2.0 Plus, then we can enter the formula (*) each time we need
it, as for instance:

s MAIM HEHUPW HEY RN E R -diffeA. My diTTCAL D

RECUR |[COHICE |EQUA
3 K2y —[znyat2)

ALGEFGA| TUTOR | T WH B g
2 :’:‘:’Q ¥$FFQ

B
DIFF ERIECONp LIRE |FEMTRT

- = (-

&é&.EJ_IH—“’” _IJ = s R CLR I 50 TR-AMETHMEM 1 TRHZ ICALGIERUAT 290 IGREAT

or in the main menu of Classpad300:

¥ Edit Accisn Interactiva I

Define Fleywi=e Znptmn s [

done
diffF (ywdyxy 1372
2-x-y+y2
diffF ey wdaws 1350
x2+2-x-y
-a/b

—[2-x-y+y2]

P k4

Algeb Estindar Real Rad qm

6. Powering a key feature of a calculator by developing mathematics and
programming.

The following program for a Casio Algebra FX-2.0 as well as a Casio CFX-9850 GPlus optimizes
the cosine feature. It is inspired in [1] and it can be used by entering degrees (program named as
TCOSG type) as well as radians (program named as TCOSR type). The reason for having added
number 16 to the name TCOSG16 will be understood after analyzing the program:

PROGRAM: TCOSG16

Lbl14d
?2>Xd
Abs (X) > X o
Xx T0/180 — X J
XxX | 4294967296 — S .
Forl—>KTo16 J
SX(@4-S)—>Sd
Next
1-S/2
Goto 1

12



To understand how the program has been constructed we need two geometrics theorems. The first
relates cosine x to the length of a chord associated with the arc x which can be seen in the following
figure in which the following relations holds:

The second theorem relates the length of a chord h to the length of a chord d of twice its arc which
can be seen in the following figure and following relations holds:

d? =h?(4 - h?)

With the following figure we can see how those theorems are applied to finding cosine x by the
stated algorithm:

13



Notice in this last figure that each time we halve an arc, the chord length is closer to the arc length.

In the algorithm the original arc x is halved 16 times; that is, divided by 2'° = 65536. For that short
an arc, clearly the chord is almost exactly equal in length and we take it to be equal. We square it

(that is where the 4294967296 comes from the algorithm. (h/65536)° = h? /4294967296) and use
our second theorem sixteen times to double its length, noting that in the algorithm s represents both
h? and d*. When we are back to the chord length (squared) corresponding to the arc x, we use the
first theorem to get cosine x. This time our s isc”.

Before running the program, let’s see a program adapted for radians:

PROGRAM: TCOSR16

Lbl1l 4
?25>Xd
Abs (X) > X d
XxX | 4294967296 — S
Forl >KTo16
SX(-S)—>Sd
Next
1-S/2
Goto 1

We will run now our program and compare it with the key cosine of the calculator for some values.

For instance for X :% we obtain:

cos (o3 .5
- .
T3
B.5
- bi=Fr -
HATI
TCOSR16 KEY COS
But for a bigger value, results differ in the last two digits:
? cos (182
im -@. 8308715291
-@. 2398715238
- DisFr -
MAT

14



We construct then a similar program but with a bigger number of iterations:

PROGRAM: TCOSG50

Lbl 14
725> Xd
Abs (X) > X J
Xx T0/180 —» X J

XxX [ (2750) 2 =S
Forl—> K To50
SX@4-S)—>Sd

Next
1-S/2

PROGRAM: TCOSR50

Lbl1ld
?25>Xd
Abs (X) - X J

XxX [ (2750) 2 = S
Forl—> K To50
SX@4-S)—>SdJ

Next
1-S/2
Goto 1

Gota 1

We try again with values with for X =10" ; with n=1,2,3........ 10:

Now results agree but running the program takes more time. And for bigger numbers last digit
starts also to vary:

1@
-8.8398T715291 cos (1@l

-@, 8398715291
- DisF -

2 cos (18737
jgez (1EA4?'5623?99?63
cos
- B, 3e23TIETEE -3, 9521553683
184
-8.9521553684
- DisF -

If we increase now to the maximum iteration accepted by the calculator (up to 166 iterations) the
program in radians will be:

PROGRAM: TCOSR166

Lbl1ld
?75>Xd
Abs (X) - X J

XxX | (27166) 2 —> S .
For1l— K To 166 J
Sx(4-S)—>Sd
Next
1-S/2
Goto 1

With this number of iterations we can get results with our program up to cos(10*) with results
finally similar to Maple only up to the first decimal. But the key calculator collapse earlier, after
cos (10°) I

cos (18™8> C —
-6, FE3384882T T
cos C18%93 c ERROR Matemstico

Fresione: [ESC]
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We can see the comparison of our program with Maple:

s
ig~a
i A. 2379514599
ig~1@
B, 2T25454345
- Di=zF -
7
ia~11
i B. 35989452517
ig~1z2

H. T2359142R05
- DisF -

>evalf(cos(10M9));

8378871814

> evalf(cos(10710));
8731196227

>evalf(cos(10M11));

3708477922

>evalf(cos(10"12));

.7914463019

In this way we have powered our key calculator feature by relating theorems with programming

activity.
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