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Abstract:  Reciprocal Powering is a product of interactive methodologies when implementing mathematics and 
software, for instance, Maple, The Geometer’s Sketchpad or calculators as FX-2.0 or Classpad300, in mathematical 
research as well as in mathematical education. This involves a special way of undertaking mathematics and education 
as a simultaneous process of knowledge production together with teaching-learning process. The idea is to encourage 
the obtaining of new results, to improve thinking approaches and to optimize software through the development of 
special mathematical results and programming activities during the process of teaching-learning based on situations and 
circumstances originated on one hand by mathematics and on the other hand by introduction of computational software 
that involves propitious and necessary ways of reciprocal powering among both areas through the interaction and 
intercommunication of necessities and its solutions. Those methodologies are strongly related with experimental 
activities involved in the way of thinking and making research in mathematics as well as in the process of teaching-
learning in mathematical education in order to complement an era deeply influenced by emphasis in formal proof as the 
most important feature of mathematical thinking and that had produced a way of creating and teaching mathematics 
with rigorous stages on how to teach, discover and develop mathematics following a particular order: (1) Formalization 
of theories; (2) Presentation of formal deduction; (3) Explanations including informal deduction; (4) Analysis to 
communicate what was involved in the deduction; and (5) Visualization given through examples. However, 
implementation of software involves new mechanisms of mathematics-software-related-thinking and own ways for 
creation of knowledge, involving the need to introduce new methodologies of research as well as in the process of 
teaching-learning that includes the recreation of some old methodologies that has been left because of the impossibility 
of carrying them ahead with efficiency due to the absence of computers or calculators. In using calculators or software, 
we need to reverse the order of the stages if our goal is getting better results in mathematics as well as in mathematical 
education by using technology. Following a suggestion done for geometry thinking by the Dutch mathematical 
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educators Pierre van Hiele and Dina van Hiele-Geldof and expanding it to other branches of mathematics the stages 
should be: (1) Visualization through particular cases and specific situations; (2) Analysis to obtain creative ideas that 
may lead to a generalization; (3) Informal deduction trying to get a generalized proof; (4) Obtainment of a first level 
formal deduction and (5) Review of the formal deduction to assure rigor. We propose a way of implementing 
technology with attainment of knowledge and development of mathematical thinking as a way to power mathematics 
and technology reciprocally. In our exposition we will give examples based on graphic, symbolic and programming 
situations that had led to reciprocal powering of mathematics and software, in particular with calculators.  

      
1.  Introduction 
      

Our goal is to find a model for implementing mathematics with technology introducing a 
different teaching-learning process based on circumstances originated on one hand by mathematics 
and on the other hand by computational software (calculators) that should involve a reciprocal 
powering among both areas through interaction and intercommunication of necessities and its 
solutions. We call it reciprocal powering. Reciprocal powering is the product of necessities raised 
when implementing interactive methodologies and can be used as a special way of undertaking 
mathematics teaching as well as in production of knowledge in mathematics. 
 
1. Powering mathematical concepts in Trigonometry through visualization with 
calculators. 
 
Let’s consider the very known formula  from where it is usually deduced 1xcosxsin 22 =+

xsin1xcos 2−±= . How can be verified this identity through a graphic way using a calculator? 

At fist glance this expression looks to correspond to two relations xsin1xcos 2−=  and  

xsin1xcos 2−−= . But when we enter both formulae to obtain a graphic in the interval π≤≤ 2x0  we 
obtain:  
 

    
 
 
 
 
which is clearly different from cosine function graph in the same interval: 
 
 
    
 
Therefore, according to the graph, the identity xsin1xcos 2−±=  is not valid.  So, where is the 
mistake? It is known that cosine is positive in the first and in the fourth quadrant and negative in the 
second and third quadrant. That implies that the formula that relates cosine with sine is a piecewise 
formula. Therefore the way of writing the identity correctly should be: 
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And if a calculator does not have piecewise functions commands (as Casio FX-2.0 Plus) then we 
can try to express it by including the graph of three relations: 
 

]2/,0[,xsin11Y 2 π−= 
 
 
 
The graph for the first function will 
 
 
 
The graph of the second one will be
  
 
 
 
And the graph for the third function
 
 
: 
 
 
By graphing altogether we will obta
 
 
 
 
 
It is important to state that all the cla
should be rewritten correctly. For in
 
 
                       should b2

xcos1
2
xsin −

±=

 
and note that we need an interval  as

π≤≤⇒π≤≤ 4x02
2
x0  and  sin

π≤≤π≤ 2
2
xfor0

2
xsin . Ther

 
If we could work with a more comp
for a function in pieces by entering t
between sine and cosine should be (
  
 

 

]2,2/3[,xsin13Y

]2/3,2/[,xsin12Y
2

2

ππ−=

ππ−−=

be:                                     

: 

 will b

in exa

ssica
stance

e rew

 [ 0 , 

≥ 0
2
x

efore 

lete ca
he co
it look
e 
ctly the very same graph of cosine: 
l formulae of trigonometry that involves square roots 
, the following identity, in a first cycle: 

⎪⎪
⎨

⎧
π∈

−

=
]2,0[xsi

2
xcos1

xsin

 

ritten as 

4 π  ] in order to obta

π≤≤
2
x0for . The

≤π≤ 2for0
2
xsin

lculator as Classpad
mmand piecewise. T
s as a logical challe
⎪
⎪
⎩

ππ∈
−

− ]4,2[xsi
2

xcos12

in a complete first cycle, because: 

refore π≤≤≥ 2x0for0
2
xsin  and 

π≤ 4x . 

 300, then we can use a description 
hen the syntax for the identity 
nge): 

3



 
 
 
 
 
 
 
 
 
 
 
2. Powering calc
programming activi
 
Programming is the nece
influenced strongly the
development of new wa
necessity of generating a
internalizing programmi
calculators software;  
programming; (3) Handl
and detailed (numerical)
to be programmed and 
process. Our first need o
tried to obtain with a C
obtained as an answer a “

 
 
 
 
 
After several attempts w
obtain powers of compl
complex numbers. We
calculations by hand, or
surpass his own limitati
powering the calculator 
necessary to start the pr
calculator and get the 
Knowledge of  De Moiv
pure imaginary numbers

when co
and depurate the extrem
Correction of initial mist

ϑ=)a/b(arctan

 

ulator’s software pe
ties. 

ssary skill to be develope
 educational process. On
ys of representation kno
nd developing new intelle
ng  skills are the followi
(2) Deep knowledge of 
e of a meta-language corr
 checking  previous of a pr
his interrelation with logi
f introducing programmi
asio CFX-9850 G Plus c
mathematical error”: 

 

e realized that calculator
ex numbers although it w
 had two choices: (1) 
  (2)  Try a bigger and m
on, powering it with his o
implied challenges not for
ocess based on the five 
way to obtain by progra
re’s theorem ;  b)  Creation
; because it was mathemat
nsidering the case a = 0; 
e length of the program 
akes in the checking stage
rformance by creating and optimizing 

d in this century. His presence in calculators has 
 one side it has facilitated formalization in 

wledge and on the other side it has raised the 
ctual skills. The necessary stages for process of 

ng: (1) Handle of symbolical logic language of 
mathematical relational concepts involved in 

elating mathematics and software;  (4) Particular 
ocess generalization;  (5) Interpretation of model 
cal forms of software and optimization of their  
ng with calculators happened in 1997 when we 
alculator the power of a complex number. We 
 Casio CFX-9850
as able to obtain t
Accept the mach
ore interesting ch
wn capacity of pr

 the machine but fo
stages explained b
mming way, pow
 of a special subro
ically  incorrect to
 c) Need  of severa
that involved a de
 related to the nee
 G Plus was not designed to 
he basic four operations with 
ine limitation and continue 
allenge: Help the machine to 
ogramming performance. But 
r the students as users. It was 

efore, in order to power  the 
ers of complex numbers: a) 
utine for the case of powering 
 try to calculate an angle ϑ in 
l logic tautologies to simplify  
layed  running program ; d) 
d of creating a small program 

4



that would allow the machine “to know” which of the two solutions should be considered when we 
were searching  in the equation ϑ ϑ=)a/b(arctan . The following program was obtained by 
undergraduate engineering students of a first semester algebra course and can be used for a and b 
rational numbers with a Casio CFX-9850-G Plus calculator as well as with a Casio Algebra FX-2.0: 
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is possible to find a method to get periodical regressions ? (2) How can we utilize the power of a 
calculator as Casio CFX-9850 G Plus or a Casio FX-2.0 Plus to obtain a program for a periodical 
regression, the corresponding graph and check that it fits sufficiently the given points? To get our 
goal we had to power some results based on Theory of Fourier Analysis of Time Series.  
 
3.1. Least squares estimation for a simple wave 
Suppose we have some numerical values with some periodicity. As an example we could consider 
the magnitude of a variable star at midnight represented in a graph of points. 
 
 
 
 
 
 
We would like to obtain the best possible fit of these values with a simple wave of the form: 
 )t(cosR φ+ω+µ tsenBtcosA)t(f ω+ω+µ=
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∑
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The former linear system can be solved and the wave can be found. 
 
3.2 Approximation of periodic data with a Graphic Calculator. 
 
We shall show how to find a wave that approximates the following set of data: 
 
 

 
 

 
t 0 1 2 3 4 5 6 7 8 9 10 
xt  3,4 7,9 3,8 -1 -1,2 3,6 8,2 4 2,7 -1,6 3,5 

 
 
If we plot the points, we obtain the following graph: 
 Graph (Calculator)

-3

0

3

6

9

0 1 2 3 4 5 6 7 8 9 10 11

 
 
 
 
 
 

Since there are two peaks, the period is 5, so that 
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compared with: 
 
 
 
 
 
The former process can be generalized through a programming processing over lists in the 
calculator in such way that the calculator produces automatically the desired periodic regression. 
We show this program next: 
 

                                   
 

                              
 

                    
 
4.   An algorithm for calculation of π .   

With aid of the limit ( )
0

sin
lim 1
θ

θ
θ→

=  it is possible to generate a basic procedure to determine the 

value of .  Together with this limit we will use also the following trigonometric relations:   π
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We can construct the following recurrence formulae: 
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π  we can rewrite the limit  = lim
 → x 0

( )sin x
x 1  in the following way: To calculate the value of 
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 = lim
 → i ∞
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⎞
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π
3 2i

π
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.                    (0.5) 

In this form the limit tells us that 

1

3 2i ⎛
⎝
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⎞
⎠
⎟⎟sin

π
3 2i

 tends to π  when i tends to . According to the 

lue of 

∞

notation introduced in (1.3), the va π  can ed es
take a sufficient big number of i. In the following table we can find the values obtained after 

be calculat  through the expr sion 3 2i yi  , if we 

repeating the calculation ten times with the help of a simple program done in Maple. To avoid 
rounding errors we will take a sufficient big number of digits during the calculation. 
  

Iteration Value of π  
1 3.0000000000000000000  
2 3.1058285412302491482  
3 3.1326286132812381966  
4 3.1393502030468672043  
5 3.1410319508905096368  
6 3.1414524722854620456  
7 3.1415576079118574430  
8 3.1415838921483182961  
9 3.1415904632280477600  
10 3.1415921059992727998  

 
This procedure has a simple geometric interpretation. It is ased on the idea that the length 

erimeter) of the polygon inscribed in a circle of radius one tend to the length of circle 
b

(p 2π  when 
the number of sides of the polygon tends to infinity. The following figures done in Maple for 

15,10,6,5,4,3n =  will show an idea of the process. 
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If we take the length of one of the inscribed sides of the polygon, as seen in the following picture 
we have: 

 

 

 
 

 
 
 

 
 

n

( ) ( )2 2cos 1 sin 2 1 cos 2sin
2
n

n n n nd θθ θ θ= − + = − =          (0.6) 

For very big n we will have that n times the side dn is approximately equal to the length of 

e circle

 

 2 2sin
2
n

nnd n 2θπ π≈ ⇒ ⋅ ≈th . And therefore we have the relation: 

 
 

                                   
 

When 

           (0.7)

2we divide the circle in 3 2i⋅  parts we have that 
3 2n i

πθ =
⋅

. If we replace it in the relation 

(1.7), we will obtain:  
23 2 sin

2 3 2
i

i

π π⋅ ⋅ ≈
⋅ ⋅

           (0.8) 
 

Simplifying we will have3 2 sin
3

πi

2i π⋅ ⋅ ≈ , which is actually the relation we used to complete the 

ith Classpad300 
 
With the help of the calculator we can implement this a ting the following 

rogram: 

 

                                                         

⋅
former table.  
 
4.1  Implementation w

lgorithm by construc
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θ
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2
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However a more effective way can be obtained by using the following sequences obtaining the 
following results: 

. Powe are performance by using mathematics and 
reating programming activities:   

s is it known calculators do not usually wo tions. It is important to note that 
iff gives usually derivatives that actually are partial derivatives each time when this command is 
sed. Now let’s suppose that we have an implicit expression. We can always write it as

 
 
 
 
 
 
 
 
 
 
 
5 ring calculator’s softw
c
 
A rk with implicit rela
d

0)y,x(F = . u
Taking differential on both sides we will have:      0dy

yx ∂
FdxFdF =

∂
+

∂
∂

=  from where we can obtain: 

F
x

dx ∂
∂
F

dy
∂

y∂

−=
    (*) 

th symbolic prog
 
Using formula (*) we can construct a program plicit differentiation for calculators as 
Classpad  300:      

The formula (*) means that we can find derivatives of implicit expressions using the diff command, 
by obtaining partial derivatives and get the final result using (*). 

 
5.1 Implicit differentiation for calculators wi ramming. 

 for im

 
  

If we run the program for implicit differentiation for Classpad300 we will obtain for instance: 
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5.2 plicit differentiation for calculators without symbolic programming. 

 we are working with calculators provided with a computer algebraic system but without symbolic 
programming as Casio Algebra FX-2.0 Plus, then we can enter the formula (*) each time we need 
it, as for instance: 
 
 
 
 
 
 
or in

Im
 
If

 
6. 

The
the 
TCO
num

 
 

pro

 

 the main menu of Classpad300

Powering a key featur

 
 following program for a Casio 
cosine feature. It is inspired in 
SG type) as well as radians (p
ber 16 to the name TCOSG16 w

 
 
 
 

gramming.  
: 
 

 

e of a calculator by dev

Algebra FX-2.0 as well as a Ca
[1] and it can be used by enter
rogram named as TCOSR type
ill be understood after analyzin

 

eloping mathematics and 

sio CFX-9850 GPlus optimizes 
ing degrees (program named as 
). The reason for having added 
g the program: 
PROGRAM:   TCOSG16 

Lbl 1 ↵ 
? → X ↵ 

Abs (X) → X ↵ 
X x π /180 → X ↵ 

XxX  /  4294967296 → S ↵ 
For 1 → K To 16 ↵ 
S x (4 - S) → S ↵ 

Next ↵ 
1- S / 2  

Goto 1
12



To understand how the program has been constructed we need two geometrics theorems. The first 
es relat cosine x to the length of a chord associated with the arc x which can be seen in the following 

figure in which the following relations holds: 

x

v

c

u

(1,0)

(u , v)

u = cos x

 
 

2

2c

2 1v =2

1u

u

−=

+  
2

c
2

xcos

u(

=

 
The second theorem relates the length of a chord h to the length of a chord d of twice its arc which 
can be seen in the following figure and following relations holds: 
 

22 cv)1 =+−

1
2

1 −

1

2h4 −

u

v

d

h

(1,0)

x

x / 2

 
 

)h4(hd
h4hd

h4h
2
1A

2

2

−=

−=

2
d2

2
1A

222 −=

=
 

 
With the following figure we can see how those theorems are applied to finding cosine x by the 
stated algorithm: 
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cos x

s
x

x / 2

x / 4

x / 8

 
  
Notice in this last figure that each time we halve an arc, the chord length is closer to the arc length. 
In the algorithm the original arc x is halved 16 times; that is, divided by . For that short 
an arc, clearly the chord is almost exactly equal in length and we take it to be equal. We square it 
(that is where the 4294967296 comes from the algorithm. ) and use 
our second theorem sixteen times to double its length,

 and . When we are back to the chord length (squared) corresponding to the arc x, we use the 
first th m to get cosine x. This time our s is  

 

 
e will run now our program and compare it with the key cosine of the calculator for some values. 

or instance for 

65536216 =

 4294967296/h)65536/h( 22 =
 noting that in the algorithm s represents both 

2h 2d
eore 2c .

 
Before running the program, let’s see a program adapted for radians: 
 

 
 
 
 

 

PROGRAM:    TCOSR16 
 

Lbl 1 ↵ 
? → X ↵ 

Abs (X) → X ↵ 
XxX  /  4294967296 → S ↵ 

For 1 → K To 16 ↵ 
S x (4 - S) → S ↵ 

Next ↵  
1- S / 2  

Goto 1 
 

W

 
3

X π
=  F we obtain: 

alue, r n the last two digits: 

 
 
 
 
 
 
 
But for a bigger v esults differ i
 
 
 
  

 

TCOSR16  
  

 
KEY COS    
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e construct then a similar program but with a bigger number of iterations: 

e try again with values with 2,1nwith;10n ==
ow results agree but run ogram takes more t

tarts also to vary: 

 we increase now to the maximum iteration accepted by
rogram in radians will be: 

ith this number of iterations we can get results with ou
ilar to Maple only up to the first l. But 

8  !! 

 
W
 
 

   
 
 
 
 
 
 
 
 
 
W  for X
N ning the pr
s
 
 
 
 
 
 
 
 
 
 
 
 
If
p
 PROGRAM: TCOSR166 

 
Lbl 1 ↵ 

? → X ↵ 
Abs (X) → X ↵ 

XxX / (2^166) → S ↵ 
For 1 → K To 166 ↵ 

S x (4 - S) → S ↵ 

Goto 1 

 
  
 
 2

 

 
 Next ↵ 

1- S / 2   
 
 
W
finally sim decima
cos )10(
 

 

 

PROGRAM:   TCOSR50 

Lbl 1 ↵ 

Goto 1

? → X ↵ 
Abs (X) → X ↵ 

XxX / (2^50)  → S ↵ 
For 1 → K To 50 ↵ 
S x (4 - S) → S ↵ 

2

Next ↵ 
1- S / 2  
PROGRAM:   TCOSG50 

Lbl 1 ↵ 

X x /180 → X ↵ 

For 1 → K To 50 ↵ 

1- S / 2  

? → X ↵ 
Abs (X) → X ↵ 

π
XxX / (2^50)

2
 → S ↵ 

S x (4 - S) → S ↵ 
Next ↵ 

Goto 1
3,
ime. And for bigger numbers last digit 

10.., : ......
 the calculator (up to 166 iterations) the 

r program up to  with results 
the key calculator collapse earlier, after 

 

)10(cos 12
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We can see the comparison of our program with Maple: 

 this way we have powered our key calculator 
ctivity. 

 
 
 
 
 
 
 
 
 
 
 
 
 
In
a

 

> evalf(cos(10^9));
.8378871814  

> evalf(cos(10^10));

> evalf(cos(10^11));

> evalf(cos(10^12));

.8731196227  

.3708477922  
f eorems with programming 

.7914463019  

eature by relating th
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